In this paper, the consensus problem of multi-agent following a leader is studied. An adaptive design method is presented for multi-agent systems with non-identical unknown nonlinear dynamics, and for a leader to be followed that is also nonlinear and unknown. By parameterizations of unknown nonlinear dynamics of all agents, a decentralized adaptive consensus algorithm is proposed in networks with jointly connected topologies by incorporating local consensus errors in addition to relative position feedback. Analysis of stability and parameter convergence of the proposed algorithm are conducted based on algebraic graph theory and Lyapunov theory. Finally, examples are provided to validate the theoretical results.
, Olfati-Saber and Murray (2004) , Ren and Beard (2005) , Savkin (2004) , to name just a few. In recent years, relevant topics on consensus problem have been extensively further investigated in different situations, for example, consensus in networks with time-delays (Sun & Wang, 2009; Zhu & Cheng, 2010) , finitetime consensus (Khoo, Xie, & Man, 2009) , consensus in stochastic networks (Tahbaz-Salehi & Jadbabaie, 2008) , quantized consensus (Kashyap, Basar, & Srikant, 2007), etc. Recently, an interesting topic is the consensus problem of a group of agents with unknown information. In Hong, Hu, and Gao (2006) , the authors proposed a consensus algorithm of agents with an active leader with unmeasurable state and variable interactive topology. The algorithm is also extended to the case that the interconnected graphs of agents are not always connected in intervals with identical length. In Wen (2008, 2009) , the authors studied a coordination problem steering a group of agents to a formation that translates with a prescribed reference velocity. Decentralized adaptive designs are proposed for reference velocity recovery using relative position feedback in Bai et al. (2008) and tracking of the reference velocity by incorporating relative velocity feedback in addition to relative position feedback in Bai et al. (2009) . In Hou, Cheng, and Tan (2009) , the authors proposed a robust decentralized adaptive control approach using neural network to solve consensus problem of multi-agents with uncertainties and external disturbances in undirected networks. In Das and Lewis (2010) , the authors presented a design method for adaptive synchronization controllers for distributed systems having non-identical unknown nonlinear dynamics, and for a 0005-1098/$ -see front matter © 2012 Elsevier Ltd. All rights reserved.
doi:10.1016/j.automatica.2012.05.068 target dynamics to be tracked that is also nonlinear and unknown. Under some assumptions, the authors proved that the overall local cooperative error vector and the neural network weight estimation errors are both uniformly ultimately bounded. In Yu, Lü, Chen, Duan, and Zhou (2009) , for an unknown regulatory network with time delay and uncertain noise disturbance, an adaptive filtering approach is proposed to ensure the stochastic stability of the error states between the unknown network and the estimated model. Other kinds of adaptive synchronization design of complex dynamical networks are by using adaptive tuning of the coupling strength (Yu, Chen, & Lü, 2009), network weights, etc. In this paper, we consider the adaptive consensus coordination problem of a group of agents with non-identical unknown nonlinear dynamics in networks with jointly connected topologies following a leader with also unknown nonlinear velocity dynamics. By parameterizing the unknown nonlinear dynamics of all agents by some basis functions, each agent estimating the unknown parameters, a decentralized adaptive consensus algorithm is developed in networks with jointly connected topologies by using both relative position feedback and local consensus error feedback of neighboring agents. By introducing Persistent excitation (PE) condition for regressor matrix, both position errors and parameter estimate errors can be proved to be globally uniformly asymptotically convergent to zero based on the algebraic graph theory and Lyapunov theory.
The contributions of this paper are mainly in two aspects. First, a novel type decentralized adaptive consensus control scheme is proposed for the considered multi-agent systems to follow a leader in networks with jointly connected topologies, by relative position and local consensus error feedback. When unknown information or unmeasured information exists in the system, there are few efforts in the literature considering networks with switching topology, especially jointly connected topologies. Except for Hong et al. (2006) , the works (Bai et al., 2008 (Bai et al., , 2009 Das & Lewis, 2010; Hou et al., 2009; Yu, Lüet al., 2009 ) mentioned above are all for networks with fixed topology. In Hong et al. (2006) , the case of networks with switching topologies and an extended case are studied. However, the algorithm proposed in Hong et al. (2006) is not strictly decentralized because each agent in the group must have access to the information a 0 (t) of the leader. Moreover, in the extended case of networks with switching topologies, it requires that each time interval has identical length, and the total period of connected interconnected graphs is sufficiently large. In our case, only jointly connectedness is assumed. Second, sufficient conditions are obtained for ensuring consensus with global, uniform and asymptotical parameter convergence. The consensus of all agents is ensured due to joint connectedness of graphs in networks with jointly connected topologies. The PE condition and some boundedness assumptions are introduced for ensuring parameter convergence. The parameter convergence analysis is more challenging when the interaction topology is switching. This is particularly true for the case of networks with jointly connected topologies, because standard results from adaptive control theory cannot be applied to the system directly. The two papers (Bai et al., 2008 (Bai et al., , 2009 ) also introduced PE condition for parameter convergence analysis in fixed network topology. A situation of all followers and the leader having non-identical unknown nonlinear dynamics and external disturbances is considered in Das and Lewis (2010) , in which all consensus errors and parameter estimate errors are proved to be uniformly ultimately bounded (UUB) based on some assumptions in fixed network topologies. In Yu, Lüet al. (2009) , parameter convergence is not considered. In our work, both consensus errors and parameter estimate errors converging to zero (globally uniformly asymptotically) are obtained for switching networks with joint connectedness. This paper is organized as follows. In Section 2, we establish the notation and formally state the problem. We present our main results in Section 3, the simulation results supporting the objectives of the paper in Section 4 and the concluding remarks in Section 5.
Problem statement
We consider a multi-agent system consisting of N agents and a leader. The dynamics of N agents are described bẏ
where x i (t) ∈ R is the position state of ith agent, u i (t) ∈ R is the control input, and f i (x i , t) is the dynamics of agent i, which is assumed to be unknown. Standard assumptions for existence of unique solutions are made, i.e., f i (x i , t) is continuous in t and Lipschitz in x i . We assume that the leader-agent moves in R and its underlying dynamics is described bẏ
where x 0 (t) ∈ R is the position state of the leader, v 0 (t) ∈ R is its velocity and assumed to be unknown. The leader-agent moves freely or along some planning trajectory, however, we assume that its velocity dynamics v 0 (t) is only related to time t and unknown.
Remark 1. For avoiding complicated expressions, the states of all agents are assumed to be scalars in R, which is trivial to be extended to R n by introducing the Kronecker product. The Kronecker product of matrix A ∈ R m×n and B ∈ R p×q is defined as
The information exchange between agents in a multi-agent system can be modeled using graphs. A graph G(V, E ) consists of a node set V = {1, 2, . . . , N} and an edge set E ⊂ V × V, where an edge of the edge set E is denoted by (i, j). A graph is undirected if edges (i, j) ∈ E are an unordered pair. A graph is simple if it has no selfloops or repeated edges. If there is an edge between two nodes, then the two nodes are neighbors (or adjacent) to each other. The set of neighbors of node i is denoted by
A path is a sequence of connected edges in a graph. If there is a path between any two nodes of a graph G, then G is said to be connected, otherwise disconnected. The union of a collection of graphs is a graph with a node set and an edge set being the union of the node set and the edge set of all of the graphs in the collection. We say that a collection of graphs is jointly connected if the union of its members is connected.
With regarding the N agents as the nodes in V, the relationships between N agents can be conveniently described by a simple and To describe the information transmission between N agents and the leader, we need define another graphḠ on nodes 0, 1, 2, . . . , N, which consists of graph G, node 0 representing the leader and edges between the leader and its neighbors.
Note that the interconnected topologies of the considered multi-agent system can vary with time. We need to consider all possible graphs {Ḡ p |p ∈ P } on the node set {0, 1, 2, . . . , N}, where P is an index set. The subgraphs defined on the node set {1, 2, . . . , N} can denoted as {G p |p ∈ P } accordingly. To describe the dependence of graphs upon time, we define a switching signal σ (t) : [0, ∞) → P , which is piecewise constant. Therefore, the underlying graphs at time t on N + 1 and N nodes are denoted asḠ σ (t) and G σ (t) , respectively. The index number between agent i and the leader is denoted by b i (t), which is defined to be 1 whenever the leader-agent is agent i's neighbor and 0 otherwise. Note that neighbor sets N i of all agents, all (ij)th entries a ij of adjacency matrix A, and graph Laplacian L are all time varying. We use N i (t), a ij (t) and L σ (t) to denote their time varying versions, respectively. It is assumed in this paper that σ (t) switches finite times in any bounded time interval.
In this work, we consider the problem of designing decentralized controllers u i , i = 1, 2, . . . , N, such that all agents follow the leader.
For the multi-agent system (1)- (2), we say consensus is achieved if, for each agent i ∈ {1, 2, . . . , N}, there exists a
for any initial condition
agent can reach consensus on the time-varying leader, for example, using the following control scheme (Ren, 2007) :
When v 0 (t) and f i (x i , t), i = 1, 2, . . . , N, are all unknown, it is a challenging work for all agents to achieve consensus.
Main results
In this section, we first give a basis function expression of the unknown nonlinear dynamics and the unknown velocity dynamics of the leader, and then a decentralized adaptive consensus algorithm is proposed in networks with switching topologies through relative position and local consensus error feedback. Finally, stability analysis of the consensus algorithm is given in switching networks with joint connectedness.
Suppose that the unknown nonlinear dynamics f i (x i , t), i = 1, . . . , N, and the unknown velocity v 0 (t) of the leader, are parameterized as
where φ 0 (t), φ i (x i , t) ∈ R m are basis function column vectors and θ 0 , θ i ∈ R m are unknown constant parameter column vectors to be estimated.
Because θ 0 is unavailable to each agent, the ith agent estimates the unknown parameter vector θ 0 byθ 0i and v 0 (t) byv 0i (t) respectively. We havê
Similarly, the estimate of f i (x i , t) is expressed aŝ
whereθ i is the estimate of θ i .
Remark 3. The unknown nonlinear dynamics of all agents are assumed to be linearly parameterized. The linearly parameterized models have been studied widely in classical adaptive control (Marino & Tomei, 1995; Sastry & Bodson, 1989) . The examples of linearly parameterized model of multi-agent systems can be found in Bai et al. (2008 Bai et al. ( , 2009 .
Decentralized adaptive consensus algorithm design
Consider an infinite sequence of bounded, non-overlapping, contiguous time intervals [t k , t k+1 ), k = 0, 1, 2, . . . , with t 0 = 0, T 0 ≤ t k+1 − t k ≤ T for some positive constants T 0 , T . Suppose that in each time interval [t k , t k+1 ) there exists a sequence of nonoverlapping, contiguous subinterval (Ni & Cheng, 2010) . 
Define local consensus error vector (Khoo et al., 2009 ) for an agent i as
The global error vector for switching graphḠ σ (t) is expressed as
where
is the Laplacian of graph G σ (t) and B σ (t) is a diagonal matrix with diagonal elements
We denote by col(x i ) i∈S or col(x i ) according to the context the stack column vector of x i with i in some index set S, by col(x, y) the stack column vector of vector x and y, etc. Letting
. . , N}, and σ (t) : [0, ∞) → P a switching signal, we propose the following adaptive consensus scheme consisting of two parts. Decentralized feedback laws:
or in matrix form
where c > 0 is a constant number, Φ 0 = (I N ⊗ φ 0 ), Φ f is a block diagonal matrix with block diagonal elements φ 1 , φ 2 , . . . , φ N , I N is the N × N identity matrix.
Decentralized adaptive laws:
or in matrix forṁ
where c 0 , c 1 > 0 are constant numbers.
Remark 5. Note that controller u i (t) defined in (13) is decentralized. For control purpose, we assume that the information of local consensus error e i (t) of agent i is calculated and saved in its memory at each time instant by each agent and available for its neighbors. Controller u i (t) only depends on the information of relative position measurements and local consensus errors from its neighboring agents. Similar way of information transmission can be found, for instance, in the literature (Khoo et al., 2009; Ren, 2007; Ren, Moore, & Chen, 2009 ).
Remark 6. If the states x i (t), i = 0, 1, . . . , N, of system (1)- (2) are considered in R n , a corresponding version of Eqs. (14) and (16) is the following (10)- (16), we obtain the following error dynamics of the system (1)- (2):
Stability analysis
The matrix H σ (t) corresponding to a graphḠ σ (t) , has the following well-known properties (Ni & Cheng, 2010 Let P be a positive semi-definite matrix, and λ min (P), λ max (P) denote the smallest and the largest non-zero eigenvalue of matrix P, respectively. For each p ∈ P , define µ p = λ min (H p ) and ν p = λ max (H p ). Based on Lemma 7 and the fact that the index set P is finite,
are positive and independent of time t. Before giving the theoretical results, we suppose that the
, is persistently exciting (PE) (Marino & Tomei, 1995) , that is, there exist two positive reals δ 0 and α, such that
This PE condition ensures the information richness of the time varying matrix Φ throughout the time, and guarantees parameter convergence, i.e.,
for any initial conditionθ 0i (0),
The PE condition has another interpretation, by reexpressing the PE condition in scalar form
Proof. Due to the symmetry of H p , there exists an orthogonal matrix U p such that
where λ
Let ε = U px , we havē
Due to the joint connectedness of G p , lim t→∞ e(t) = 0 and Lemma 4, we have lim t→∞ 
The following theorem is our main result. Proof. For multi-agent system (17), consider a Lyapunov function candidate
Obviously, V (t) is continuously differentiable at any time except for the switching instants.
At a non-switching time t, assume that the subsystem p ∈ P is active, the time derivative of this Lyapunov function candidate along the trajectory of the system (17) 
Therefore, lim t→∞ V (t) = V (∞) exists.
In the following, we prove lim t→∞ e(t) = 0. Consider the infinite sequence {V (t k ), k = 0, 1, . . .} and from Cauchy's convergence criteria, we have that, for ∀ϵ > 0, there exists a positive integer K , such that, for ∀k
t kV (t)dt| < ϵ. This integral can be rewritten as
From (24), we have
and
Because l k is assumed to be finite in each time interval [t k , t k+1 ) for k = 0, 1, . . . . Thus, for ∀k > K , we have 27) or equivalently,
which implies that
. . , N} due to the joint connectivity of the graphs through the time interval [t k , t k+1 ),
where a i , i = 1, 2, . . . , N, are some positive integers. Moreover, from (23) and (24) it follows that both e andΘ are uniformly bounded for any t ≥ 0 and so isė due to (17) 
Now, to show that for any initial condition
i.e., for any ϵ > 0 there exists T ϵ > 0 such that ∥Θ(t)∥ < ϵ, ∀t > T ϵ . We first prove the following claim.
Claim 10. Given any ϵ > 0 and T > 0, for any initial condition e(0),Θ(0) there exists t > T such that ∥col(θ 0i ,θ i )∥ < ϵ, i = 1, 2, . . . , N.
Proof of Claim 10. We equivalently show by contradiction that for any ϵ > 0 and some i ∈ {1, 2, . . . , N} a time T 1 such that
Without loss of generality, for the infinite sequence of time
Because lim t→∞ e(t) = 0, lim t→∞ V (t) = V (∞) exists and (23), we have lim t→∞Θ (t) TΘ (t) = ηV (∞) with η some positive constant number and then lim t→∞ Ψ (Θ(t), t) = 0 due to (31). Therefore, for ∀ϵ 1 > 0, there exists t ϵ 1 > 0 such that
The time derivative of the function Ψ (Θ(t), t) defined in (31)
Because e,Θ, Example 13. In this example, a finite automation with a set of states {Ḡ 1 ,Ḡ 2 ,Ḡ 3 ,Ḡ 4 } is shown in Fig. 1 , which represents the discrete states of a network with switching topologies. It starts at the discrete stateḠ 1 and switches every three simulation time steps to the next state according to the state machine in Fig. 1 . The proposed adaptive consensus scheme (13) and (15) Example 14. In this example, we consider the case of networks with jointly connected topologies. We suppose that the possible interconnected graphs are {Ḡ 1 ,Ḡ 2 ,Ḡ 3 ,Ḡ 4 ,Ḡ 5 ,Ḡ 6 } which are shown in Fig. 4 , and switched every three simulation time steps to the next graph asḠ 1 →Ḡ 2 →Ḡ 3 →Ḡ 4 →Ḡ 5 →Ḡ 6 →Ḡ 1 · · ·. Note that bothḠ 1 ∪Ḡ 2 ∪Ḡ 3 andḠ 4 ∪Ḡ 5 ∪Ḡ 6 are connected; therefore both {Ḡ 1 ,Ḡ 2 ,Ḡ 3 } and {Ḡ 4 ,Ḡ 5 ,Ḡ 6 } are jointly connected through some time intervals. Control law (13) and parameter adaptive law (15) are then realized in networks with jointly connected topologies. Simulation results are shown in Figs. 5 and 6. Figs. 5 and 6 show that consensus is reached and parameter convergence is guaranteed in jointly connected networks under (13) and (15), respectively.
Conclusions
In this paper, we considered the consensus problem of multiagents with unknown nonlinear dynamics following a leader also with unknown velocity dynamics. By adaptive control design, consensus with parameter convergence is ensured. Graph theory was used to describe the interconnection topologies. Lyapunov theory and Barbalat's lemma were employed for stability analysis. The joint connectedness of graphs is a key condition to ensure consensus achievement and the PE condition ensures parameter convergence. Simulations showed the validity of our results. (13) and (15) in networks with jointly connected topologies.
